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Abstract—In this paper, we investigate the capacity of the
multi-user (MU) channels with the single-carrier frequency-
division-multiple-access (SC-FDMA) transceivers using widely
linear equalizers (WLE) to counteract front-end I/Q imbalance
(IQI) issues. When the erroneous channel knowledge is avail-
able at the equalizer, it is shown that the mutual information
could be expressed as a function of the eigenvalues of the
direct and image channel realization. Expressions for the error
variance of the effective channel and the associated channel
capacity are derived in closed form and discussed under
special cases. Numerical analysis shows that the ergodic and
outage capacity of WLE receivers tends to achieve a capacity
region in the vicinity of an ideal system and considerably
extends the coverage region of the cell. The impact of the
channel correlation and the IQI on the outage probability is
also investigated, which highlights the crucial role of the MU
resource assignment in exploiting the spectral diversity and
their optimality in the presence of IQI.

I. INTRODUCTION

A major challenge in the modern uplink communication
is the realization of the efficient high-data rate links through
multi-path channels and relaxed requirements on the power
amplifiers of the transmitter. The waveforms, therefore, need
to have multi-carrier functional blocks but a lower peak-
to-average-power ratio as compared to the conventional
OFDM systems, whereas the device analogue implemen-
tation should produce minimal distortion. Single carrier
frequency division multiple access (SC-FDMA) has been
adopted in 3GPP LTE standard as an uplink waveform [1],
since it enjoys higher power efficiency suitable for mobile
handsets and a simple frequency-domain equalization, in
addition to offering flexibility in multi-user (MU) resource
sharing.

In low cost terminals, the radio front-ends inevitably
suffer from analogue imperfections that are unpredictable
and vary from device to device. Recently, one of the
frequency-conversion method of choice has been zero-IF
radio architectures due to their high integrability and low
complexity [2]. However, their implementation suffer from
a number of impairments; the major source of degradation
being the mismatch between the I and Q chains during
the quadrature conversion phase. In a multi-carrier system,
it appears as the interference from the mirror subcarrier
that motivates the I/Q imbalance (IQI) suppression using,
a) IQI cancellation, if IQI is small and non-frequency
dependent (NFD) [3], [4], or b) pair-wise equalizers [5],
[6], otherwise. In [7], the pilot design problem was studied

for the dual-channel estimation necessary for the pair-wise
equalizers. An information theoretic perspective of the IQI
problem was provided in [8], where the channel correlation
and the IQI were shown to strongly influence the outage
capacity. However, the perfect channel knowledge and the
ideal channel equalization were assumed. It was shown in
[9] that an SC-FDMA system achieves full diversity gain
with a hybrid subcarrier assignment scheme [10].

Our aim in this paper is to investigate the limits on
the uplink MU SC-FDMA communication enforced by the
erroneous channel estimation and the impaired front-end
I/Q processing. In this context, we make the following
contributions:

• Compute the error variance of the channel estimator
that is an extension of the pilot-aided technique [7]
to MU scenario and based on the linear minimum
mean square error (LMMSE) criterion.

• We derive the lower bound on the average user
sum-capacity, when IQI is suppressed with widely
linear equalizers (WLE) [11]. Asymptotic behavior
and the optimal transmit power allocation scheme
given the partial channel knowledge and the receiver
structure are also discussed.

• Outage probability is provided in a closed-form
that matched closely with the experimental results
and gives some important insights into the channel
correlation effects on the MU achievable capacity
with outage constraint.

• Numerical examples illustrate the diversity gain
achieved by various subcarrier assignment schemes
and the role of avoiding inter-user interference due
to the IQI in the outage performance.

The remainder of the paper is organized as follows. In
Section II, a mathematical description of the investigated
MU system is provided, along with the influence of joint
transmitter and receiver FD IQI. This is followed by the
compensation method using WLEs and a channel estimation
error model using specifically designed pilots tones. Ergodic
and outage capacity computation is targeted in Section
III. Using Monte Carlo simulation framework, Section IV
subsequently presents the capacity results obtained with and
without I/Q imbalance compensation and studies the residual
capacity degradation w.r.t an ideal system. Finally, Section



V draws some conclusions and highlights the main outcome
of this study.

Notation: Vectors are represented by lower-case and
matrices by upper-case boldface letters. (·)T , (·)∗ and (·)H
denote transpose, conjugation and conjugate-transpose op-
erations respectively; I and 0 represent the identity and
null matrices respectively; Tr{·}, E{·}, var{·} and cov{·, ·},
refer to trace, expectation, variance and covariance operators
respectively; ⊗ denotes the linear convolution; CN (µ,Σ)
stands for complex Gaussian random vectors with mean µ
and covariance matrix Σ; diagn{·} provides n-th diagonal
of the argument matrix whereas cric{·} creates a circulant
matrix from the argument vector.

II. SYSTEM MODEL

Let us consider an uplink MU communication system
with a single sector employing SC-FDMA. Assume K active
users indexed by K = {1, 2, . . . ,K} are scheduled at a given
instant. They use equal spectral resources indexed by the
sub-channels Sk = {sk,1, sk,2, . . . , sk,M} for transmission
over a multi-path channel hk of length L. The ideal transmit
signal of the k-th user can be described by M elements of

uk = FHNSkFMxk (1)

where FQ denoted Q-point FFT matrix. The N × M
mapping matrix Sk obeys exclusivity constraint i.e., the
subcarrier allocation set follows Sk ∩ Sl = ∅, ∀ k 6= l.
The complex signal undergoes RF processing, whose output
suffers from frequency-dependent (FD) IQI modeled here as
follows

ũk = g1T,k ⊗ uk + g2T,k ⊗ u∗k (2)

where the transmit IQI is represented by two complex
vectors given by

g1T,k = αT,kaT,k + βT,kbT,k (3)
g2T,k = αT,kbT,k + βT,kaT,k (4)

for NFD IQI parameters {εT,k, φT,k} so that
αT,k = cos(φT,k) + jεT,k sin(φT,k) and βT,k =
εT,k cos(φT,k) + j sin(φT,k), and FD part is given by
aT,k =

(
gIT,k + gQT,k

)
/2 and bT,k =

(
gIT,k − g

Q
T,k

)
/2,

where gIT,k and gQT,k are real-valued I and Q channel gains
with LT non-zero entries. The received signal block under
receiver IQI is obtained as follows

r =

K∑
k=1

(
g1R ⊗ hk ⊗ g1T,k + g2R ⊗ h

∗
k ⊗ g∗2T,k

)︸ ︷︷ ︸
=:h1,k

⊗uk

+
(
g1R ⊗ hk ⊗ g2T,k + g2R ⊗ h

∗
k ⊗ g∗1T,k

)︸ ︷︷ ︸
=:h2,k

⊗u∗k + ñ

(5)

where ñ = g1R ⊗ n + g2R ⊗ n∗, n ∼ CN (0, σ2
nI),

g1R = αRaR+β∗RbR, g2R = α∗RbR+βRaR and parameters
{αR, βR,aR, bR} defined similar to TX representations. En-
tries of hk are independent and identically distributed (i.i.d.)
zero-mean circularly symmetric complex Gaussian random

variables (RVs) with power delay profile given as Rhk
and

{hk}Kk=1 are assumed as stationary and ergodic RVs. After
the CP removal and the analysis filters, the per-user received
signal is extracted from r using the associated assignment
matrix Sk. The I/O relationship with the penultimate iFFT
operation provides the k-th user signal as

yk = Λ1,kxk + Λ2,k′ x̃k′ + ñk (6)

where x̃k = FHMF∗Mx
∗
k, Λi,k =

FHMSTkFNcirc{hi,k}FHNSkFM is a M×M circulant matrix
with the first column given as λ̄i,k = [λ̄

(i)
k,1, λ̄

(i)
k,2, . . . , λ̄

(i)
k,M ],

λ̃i,k = FM λ̄i,k and i = {1, 2}.

A. Widely-Linear Equalizers

To gain additional degrees of freedom and improve
receiver performance, the optimal linear solution is to exploit
signal properties for synthesizing the channel equalizers that
operate over both the received observation r and its conju-
gate r∗. Non-circularity property of the transmitted constel-
lation symbols xk provides just such an additional knowl-
edge [11]. However, as the circular modulation schemes
(e.g., M-PSK and M-QAM) have been widely adopted in
the current standards, in this paper we instead use the inter-
relationship between yk and y∗k′ to estimate an IQI-effected
signal, that could lead to some performance enhancement
depending on the strength of IQI coefficients λ̄2,k. The
symbol estimates correspond to

x̂k = G1,kyk + G2,ky
∗
k′ (7)

where k′-th user occupies image band of user-k such that
Sk′ = N − Sk. In an OFDM-based system, this approach
is equivalent to the pair-wise equalizers proposed for com-
pensating IQI in the single-user systems [6]. From (6), we
have

yk;k′ = Hk;k′xk;k′ +wk;k′ (8)

yk;k′ = [yTk y
H
k′ ]
T , xk;k′ = [xTk x

H
k′ ]
T , where the effective

channel Hk;k′ is given by

Hk;k′ =

(
Λ1,k Λ2,k′

Λ∗2,k Λ∗1,k′

)
. (9)

B. Channel Estimation

To construct the widely-linear equalizers (7), one needs
the estimates of the direct λ̄1,k and the image λ̄2,k channels.
We employ a training sequence aided approach for MU
channel estimation.1 After user separation and CP removal,
we can rewrite (5) for the k-th user as

rk = Ukh1,k + U∗k′h2,k + ñk (10)

where Uk is a circulant matrix with the first column as uk =
[uk,1, uk,2, . . . , uk,N ]T . The training symbols are designed
in such a manner that the direct and image channels are
decoupled and it is assumed that the effective channels hi,k
satisfy identifiability condition, i.e., L ≤M/2 [7], where the

1In LTE standard, all users simultaneously transmit a preamble block
every 4th symbol block of an uplink time-slot [12].



channel hi,k(l) is shortened for LR +L+LT ≥ l > L due
to weak FD IQI taps. In general, the following conditions
should be satisfied: UH

k Uk = PT I, UH
k U∗l = 0 ∀ k, l and

UH
k Ul = 0, ∀ l 6= k, which imply that the pilot tones must

be equi-spaced, equi-powered and the image tones must be
set to zero. The LMMSE estimator of hi,k is given by

ĥi,k = R
(i)
h,rR

−1
r rk (11)

where R
(i)
h,r = E

{
hi,kr

H
k

}
= R

(i)
h UH

k and Rr =

E
{
rkr

H
k

}
= UkR

(i)
h UH

k + Rñ. Note that due to TX/RX
IQI, hi,k deviates from hk and the distribution of hi,k is
a function of IQI parameters. Fortunately, the estimate of
the effective channel correlation inherently incorporates the
effects of IQI and the correlation matrix Rhk

is irrelevant
in our scenario. Furthermore, if the receiver IQI is small
(generally the case), the noise samples are uncorrelated i.e.,
Rñ = E

{
ñkñ

H
k

}
≈ σ2

nI. The error covariance matrix for

ei,k = ĥi,k − hi,k is i.i.d. Gaussian distributed and given
by

R(i)
e =

(
R

(i)
h

−1
+ ρT I

)−1

(12)

for ρT = PT /σ
2
n. Using (6), (9) and (12), it can be shown

that for e(i)

λ̄k
= ˆ̄λi,k − λ̄i,k, Ek;k′ = Ĥk;k′ − Hk;k′ , and

assuming that direct and image channels are uncorrelated
i.e., E{Λi,kΛ

H
j,k′} ≈ 0, ∀ i 6= j, we have

R
(i)
λ = E

{
e

(i)

λ̄k
e

(i)

λ̄k

H
}

= FHMSTkFN,LR(i)
e FHN,LSkFM (13)

RE = E
{
Ek;k′E

H
k;k′
}

= FHMSTkFN

(
R

(1)
C + R

(2)
C

)
FHNSkFM (14)

where [R
(i)
C ]m,n = Tr

{
diag|m−n|

{
R

(i)
e

}}
, ∀ |m −

n| ≤ L and [RE]m,n =

Tr
{

diag|m−n|

{
R

(1)

λ̄
+ R

(2)

λ̄

}}
, ∀ |m − n| ≤ M .

In the following, we discuss some limiting cases for the
error variance σ2

e = Tr {RE} computation:

• High SNR Regime: When σ2
n → 0, the channel

estimator has diminishing error variance given by

σ2
e ≈ 2Lρ−1

T → 0. (15)

• No IQI and Uniform normalized power delay profile
(UN-PDP): For K � 1, L ≥ M and when
the pilot assignment is sufficiently spaced in fre-
quency, the channel frequency snapshots observed
by each user will be highly uncorrelated meaning,
E
{
λ̃i,kλ̃

H

i,k

}
= σ2

HI , R
(1)
e =

(
Lσ−2

H + ρT
)−1

I

and R
(2)
e = 0. A simplification of (14) leads to,

σ2
e =

(
σ−2
H +

ρT
L

)−1

. (16)

When the channel coefficients have high correlation
(e.g., L�M ), σ2

e converges to (16) with L→ 1.

• NFD IQI and UN-PDP: R
(i)
h = (µi/L)σ2

HI,
µ1 = |αT,k|2|αR|2 + |βT,k|2|βR|2 and µ2 =
|αT,k|2|βR|2 + |βT,k|2|αR|2. Then,

σ2
e =

(
µ1σ

−2
H +

ρT
L

)−1

+
(
µ2σ

−2
H +

ρT
L

)−1

. (17)

III. CAPACITY ANALYSIS

A. Ergodic Capacity

In this section, we provide a lower bound for the ergodic
capacity Clo over all user (k, k′) and subcarrier (m,m′) pairs
and considering the erroneous channel knowledge Ĥ.

Lemma 1: The lower bound on the instantaneous mutual
information (IMI) with WLE receivers is given by

Ilo(y;x|Ĥ) =

K/2∑
k=1

M∑
m=1

2∑
i=1

log2

(
1 +
P(i)
k,mλ

(i)
k,m

σ̄2
n

)
(18)

where λ(i)
k,m is the i-th singular-value of the Hermitian 2×2

matrix H̃H
k,mH̃k,m with the effective channel as

H̃k,m =

(
λ̃

(1)
k,m λ̃

(2)
k′,m

λ̃
(2)∗

k,m′ λ̃
(1)∗

k′,m′

)
(19)

and σ̄2
n = σ2

n + σ2
ePD and P(i)

k,m is the power assigned to
the i-th sub-channel.

Proof: See Appendix A.

Subject to the per-user sum power constraint and the
stationarity assumptions on hk, the ergodic capacity is given
by

Clo =
1

K
EĤ

{
sup

∀ k: Tr{Qk}=PD

Ilo(y;x|Ĥ)

}
(20)

In the case of no fading knowledge at the transmitter, the
optimal input that maximizes (18) is i.i.d. over Sk. Assuming
small IQI such that

λ
(i)
k,m ≈

∣∣∣λ̃(1)
k,m

∣∣∣2 +
∣∣∣λ̃(2)
k,m′

∣∣∣2 , Hk,m (21)

and with P̄D = PD/M , we have

Clo ≈
1

K

K∑
k=1

M∑
m=1

EĤ

{
log2

(
1 +

P̄DHk,m
σ̄2
n

)}
. (22)

Proposition 1: When the channel hk is Rayleigh dis-
tributed, the FD IQI parameters are deterministic and
E
{
λ̃

(1)
k,mλ̃

(2)∗

k,m′

}
= 0, the real RVs Hk,m have generalized

chi-squared distribution with 2 degrees of freedom and the
probability density function given as follows

pH(x) =

exp

(
− x

ς
(1)
k,m

)
− exp

(
− x

ς
(2)
k,m

)
ς
(1)
k,m − ς

(2)
k,m

, ∀ x ≥ 0, (23)



and expectation can be obtained as

E {Hk,m} =

∞∫
0

xpH(x)dx

= ς
(1)
k,m + ς

(2)
k,m , ςk,m (24)

where ς(1)
k,m = var

{
λ̃

(1)
k,m

}
and ς(2)

k,m = var
{
λ̃

(2)
k,m′

}
.

Proof: See [13].

A comparison of the distribution of the exact eigen-
structure and the approximate model is shown in Fig. 1.
When the approximation seems to represent the actual
channel accurately, a slight mismatch in the analytical
distribution pH(x) is expected due to the fact that λ̃(1)

k,m and
λ̃

(2)
k,m′ are not entirely independent.

From proposition 1, the expectation operator in (22) can
be explicitly stated as follows:

Ck,m =

∞∫
0

log2

(
1 +

P̄Dx

σ̄2
n

)
pH(x)dx (25)

=
log2e(

ς
(1)
k,m − ς

(2)
k,m

)( exp
(
%

(2)
k,m

)
Ei
(
−%(2)

k,m

)
− exp

(
%

(1)
k,m

)
Ei
(
−%(1)

k,m

))
(26)

where

%
(i)
k,m =

σ̄2
n

ς
(i)
k,mP̄D

and Ei(x) =

x∫
−∞

exp(t)

t
dt. (27)

Note that if we disregard σ̄2
n, then increasing ς(2)

k,m but strictly
ς
(2)
k,m < ς

(1)
k,m (holds for practical IQI) and fixing ςk,m =

ς
(1)
k,m+ς

(2)
k,m, the gap between terms in (26) narrows down that

results in an overall capacity reduction even with a slightly
larger scaling factor. It implies that WLE cannot exceed
the capacity bound of the ideal linear equalizers (LEs). At
high SNR Pk,mHk,m � σ2

n + σ2
ePD, the uniform power

allocation (UPA) is indeed optimal and (25) can be rewritten
as

Ck,m = log2

(
P̄D
σ̄2
n

)
+ EĤ

{
log2Hk,m

}
= log2

(
P̄D
σ̄2
n

)
+

1

ln 2
·

[
ς
(1)
k,m ln ς

(1)
k,m − ς

(2)
k,m ln ς

(2)
k,m

ς
(1)
k,m − ς

(2)
k,m

− C

]
(28)

where C is Euler’s constant. In the low SNR region, the
function log2(1 + gx) with x > 0 and small g(SNR) gives,

Ck,m =
P̄Dςk,m
ln2 · σ̄2

n

+O
(
g2
)
. (29)

The results (22)-(29) are intuitively appealing as:

• They converge to the classical capacity expressions
with LE receivers (e.g., [5]) in the absence of IQI
(with ς(2)

k,m → 0 in (26) and R
(2)
e = 0 in (12)).

• Asymptotic ergodic capacity Ck,m grows un-
bounded in SNR as σ2

e → 0 in (15). Nonetheless,
if PT � PD, then from (16) and (17), the effec-
tive SNR is bounded by ρT . This accentuates the
importance of obtaining reliable channel estimates
(11), such that σ2

ePD � σ2
n.

• The user specific estimation error (14), the SNR
scaling in (26) and the capacity offset in (28)
realize the IQI influence. In other words, capacity
relates to the IQI problem through the variance of
the components of the effective channel Hk,m, the
extent of the CSI knowledge2 and its error variance
σ2
e .

If the transmitter knows the frequency-selective fading co-
efficients via a reliable feedback channel, then it can choose
the input covariance matrix Qk;k′ as function of Ĥk;k′ in
order to maximize the mutual information. This leads to a
well-known water-filling power allocation (WPA) functions
as follows:

Pk,m =

[
νk −

σ̄2
n

Hk,m

]+

(30)

giving Pk,m ≥ 0, ∀ k,m. The water-level νk is chosen such
that the maximum instantaneous transmit power satisfies
the constraint

∑M
m=1 Pk,m = PD, ∀ k. Equation (30)

shows that a change in the effective channel Hk,m structure
could shift the distribution of the power between the desired
and the image band. In fact, the power allocation scheme
(30) is similar to the classical capacity maximizing water-
filling scheme, except that here spectrum shaping gives more
weightage to the stronger direct and image channel pairs.

B. Outage Capacity

The event of outage on the k-th user link occurs if the
user IMI Ik =

∑
m Ik,m from (18) drops below a certain

threshold γ:
Pout(k) = Pr (Ik < γ) . (31)

In order to characterize the outage probability, the PDF of
Ik is required. As seen from (18), the user IMI Ik is a
summation over Sk frequency resources. For practical N �
1 and i.i.d. RVs Hk,m, Ik approximately follows a Gaussian
distribution sufficiently described by its first two moments
i.e., Ik ∼ N

(
C̄k, σ2

Ck

)
[14]. From (26), we have C̄k =∑

m Ck,m. As for the variance of the sum of user’s IMIs,
we note that

σ2
Ck

= EĤ

{(
Ik − C̄k

)2}
= 2

M∑
m=1

∑
n>m

EĤ {Ik,mIk,n} − C̄
2
k. (32)

2If only the direct channel is known, then the variance of the off-diagonal
terms in H̃k,m should be diverted to σ2

e leading to an asymptotically finite
rate in (28).
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Fig. 1: CDF of the effective channel eigenvalue λ(i)
k,m and

its approximation Hk,m for a reference scenario (see Sec.
IV).

The above expression depends on the cross-correlation of
the individual IMIs Mk,m,n = EĤ {Ik,mIk,n} that are a
function of the channel power gains Hk,m and Hk,n. The
exact computation of (32) requires the PDF of RV’s nonlin-
ear transformation that is in general difficult to derive. Thus,
here we resort to an approximate solution by truncating the
Taylor series into a function of the RV’s moments around
E {Hk,m} as in [15]:

σ2
Ck
≈ 2

M∑
m=1

∑
n>m

∂Ik
∂Hk,m

∂Ik
∂Hk,n

cov {Hk,m,Hk,n} (33)

where the partial derivatives ∂Ik/∂Hk,m are evaluated at
E {Hk,m} and thus give

∂Ik
∂Hk,m

∣∣∣∣
E{Hk,m}

=
ln2

σ̄2
n + σ2

H
. (34)

Moreover, from the definition of Hk,m, the covariance
ckm,n = cov {Hk,m,Hk,n} computation results in

cm,n = ς
(1,1)
k,m,n + ς

(2,2)
k,m,n + ς

(1,2)
k,m,n + ς

(2,1)
k,m,n − ςk,mςk,n (35)

where ς
(q,p)
k,m,n = E

{∣∣∣λ̃(p)
k,m

∣∣∣2 ∣∣∣λ̃(q)
k,n

∣∣∣2}. Finally, the outage

probability is obtained as

Pout(k) = 1−Q
{
γ − C̄k
σCk

}
(36)

where Q{·} is the standard Q-function. From (36), it is
clear that the outage probability is influenced by the IQI
and the channel correlation through the variance of IMI
(34) and decreases monotonically with decreasing σ2

Ck
given

C̄k > γ, as C̄k is not profoundly affected by the spectral
correlations. In the absence of IQI, the deciding factor is

the covariance of the power gains
∣∣∣λ̃(1)
k,m

∣∣∣2 and
∣∣∣λ̃(1)
k,n

∣∣∣2,
whose range could be specified for Rayleigh fading channels

as 1 ≥ cov

{∣∣∣λ̃(1)
k,m

∣∣∣2 , ∣∣∣λ̃(1)
k,n

∣∣∣2} /σ4
H =

∣∣ρkn,m∣∣2 ≥ 0,

where ρkn,m = E
{
λ̃

(1)
k,mλ̃

(1)∗

k,n

}
. Its lower bound explains the

frequency diversity achieved by de-correlating channels via
interleaved subcarrier assignment [10], whereas the upper
bound indicates that the capacity outage events cannot be
avoided in a highly correlated channel. The presence of IQI
elevates the value of ckm,n by intra-user channel correlation
terms. Its minimum is achieved when ρkn,m → 0 and
ς
(p,q)
k,m,n → 0, ∀ p 6= q in (35). One possible way to achieve

this is to map the direct-image pair (sm, sn) to different
users i.e., if sm ∈ Sk, then N − sn /∈ Sk. Interestingly
for single tap linear equalizer (LEs), the later condition is
opposite i.e., E

{
λ̃

(1)
k,mλ̃

(2)∗

k′,m

}
6= 0 leading to k = k′ [16].

Proposition 2: If the channel coefficients λ̃1,k are inde-
pendent3 and have the same distribution4, then the variance
σ2
Ck

of the mutual information Ik given in (32) can be
computed in closed form as

σ2
Ck

=

(
M log2 e

ς
(1)
k − ς

(2)
k

)2 [
π2

6

(
eζ

(1)
k ς

(1)
k − e

ζ
(2)
k ς

(2)
k

)
+ eζ

(1)
k ς

(1)
k

(
C + ln ζ

(1)
k

)2

− eζ
(2)
k ς

(2)
k

(
C + ln ζ

(2)
k

)2
]
− C̄2

k (37)

where ζ(i)
k =

σ̄2
n

P̄Dς
(i)
k

.

Proof: Rewriting Mk,m,n|NFD
m=n = Mk in (32) using

(23), (21) and (18), we have

Mk =

∞∫
0

(
log2

(
1 +

P̄Dx

σ̄2
n

))2

pH(x)dx

=

(
M

ς
(1)
k − ς

(2)
k

)2 [ ∞∫
0

(
log2

(
1 +

P̄Dx

σ̄2
n

))2

e
− x

ς
(1)
k dx

−
∞∫

0

(
log2

(
1 +

P̄Dx

σ̄2
n

))2

e
− x

ς
(2)
k dx

]
(38)

Next making the substitution y = 1 + P̄Dx/σ̄
2
n and exploit-

ing the following relation [17]:
∞∫

0

(ln y)
2
e−µydy =

1

µ

(
π2

6
+ (C + lnµ)

2

)
(39)

leads to (37).

3This assumption ensures that, in the case of TX IQI, the direct λ̃(1)k,m

and image λ̃
(2)
k,m′ channels of the kth user are independent, since the

image channel λ̃(2)
k,m′ corresponds to the scaled channel realization i.e.,

λ̃
(2)
k sampled at a different frequency location (unless sm ∈ {0, N/2}).
4Assuming that IQI is NFD, from (5) it is obvious that the entries of

λ̃
(i)
k will be independent and have the same variance ς(i)k .
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Fig. 2: Achievable user rate loss w.r.t the ideal system for
different schemes and interleaved assignment.
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Fig. 3: User ergodic capacity per subcarrier as a function of
the cell size for interleaved assignment: fc = 1800 MHz,
W = 10 MHz, NF = 9 dB and Pt = 1 mW.

Although not explicitly shown here, the asymptotic
convergence (σ2

n → 0) of Mk to C̄2
k in (28) is evident.

This implies that the outage probability will vanish at high
SNR. Also interestingly, as ς

(2)
k → ς

(1)
k , an increase in

σ2
Ck

is observed in (37) that reduces Pout and is further
aggravated by slight degradation in the ergodic capacity C̄k
as mentioned in Section III-A.

IV. NUMERICAL ANALYSIS

In this section, we present simulation results for a refer-
ence LTE SC-FDMA system with the following parameter
set (unless otherwise stated explicitly) :K = 4, M = 32,
N = 256 and maximum used subcarriers Nu = 200. Note
that due to the null DC tone, the user relationships identified
in [5] does not hold and in IUI assignments (localized
or interleaved), each user suffers with interference from
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Fig. 4: Outage probability for various schemes against SNR:
Outage capacity Ck ≥ 128 bits per channel use and evaluated
for the first user in an interleaved assignment.
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Fig. 5: Outage capacity Ck = C̄k/M of WLE for an outage
probability Pout ≤ 10−2.

a different user irrespective of its position i.e, for both
assignment types ¶

IUI↔¹ and ·
IUI↔¸. The FIR channels hk

were simulated with complex Gaussian i.i.d taps having ex-
ponential power delay profile σ2

l = c exp(−l/σrms), ∀ l ∈
[0 L − 1] with L = 8 and c such that

∑
l σ

2
l = 1. As

IQI is expected to be a dominantly TX side impairment
in an uplink system, we considered the TX IQI only. The
IQI parameters are pre-defined with slightly different image-
rejection ratios

ILRk(m) ,

∣∣FHm,MSTk′FNg2T,k′

∣∣∣∣∣FHm,MSTkFNg1T,k

∣∣∣ (40)

and ILRk = (1/M)
∑
m ILRk(m) as

{−18.7, −17.3, −19.5, −18.8} dB, except in Fig.
6 when all users have same ILRk = −18.7 dB.



The ergodic capacity loss of LE and WLE receivers are
depicted in Fig. 2. We observe that UPA WLE receiver
approaches a constant throughput loss at high SNR. One
possible reason is that the additional error penalty due to
the dual channel model leads to higher capacity loss at
high SNRs. However in WPA as the erroneous CSI is used
for water-filling power allocation, this effect is uniform
over a broad SNR range. On the other hand, LE receiver
suffers from the image interference problem. Also shown
is the NFD interference pre-distortion (IPD) that provides
an improvement of around 6%.5,6 The user capacity is
asymptotically unbounded as estimation error vanishes for
high SNRs. Analytical results predict the capacity behavior
accurately, except for the LE receivers, in which case
Jensen’s approximate of capacity expression results in an
underestimate of the capacity at high SNRs. In order to an-
alyze the relationship between net throughput and coverage,
we use the path loss model specified in [12] and place all
users equi-distant from the base station. It is obvious from
Fig. 3 that WLE could extend cellular coverage to within 15
meters of the ideal UEs whereas coverage is considerably
reduced with LE and NFD-IPD receivers.

The outage performance with the static power control
is provided in Fig.4, when the target sum user rate is
Ck ≥ 128 bits per channel use for NFD IQI. It is shown
that the analytical formulation (36) provides quite a good
estimate on Pout in WLE receivers. In addition, it is shown
that WLE suffers a performance degradation of around
1 dB. Moreover, by the slopes of the curves, it can be
concluded that the system diversity is higher for WLE.
In both receivers, the image channel λ̃(2)

k,m strengthens the
effective channel Hk,m, when the direct channel λ̃(1)

k,m is
in deep fade but WLE exploits it better by tracking actual
image profile λ̄(2)

k , whereas NFD IPD realizes it by its
zeroth-order estimate.

From Fig. 5, it is seen that in general, the interleaved
schemes performs better than the localized versions from
the outage perspective as more diversity is manifested
by the former. Interestingly, IUI is beneficial for WLEs,
whereas IUI-free schemes increase the outage capacity of
the LE. These results should be interpreted with caution,
since in addition to the uncorrelated channel requirements,
the outage capacity will be higher for IUI-free schemes if
ILR( k©→ k©)� ILR( k©→ k′©), ∀ k 6= k′ , contrary to a
LE receiver which suffers degradation from its image user
and an improvement is possible when ILR( k′© → k©) �
ILR( k©→ k©), ∀ k 6= k′.

In Fig. 6, we compare the outage capacity of a user for

5Different from [3] that considers RX IQI, in our scenario the TX IQI
cannot be canceled at the receiver judging from (5). Therefore, likelihood
function [4] for joint channel hk and IQI IPD µk estimation is realized
with IQI pre-distortion i.e., Λ (hk, µk) = −‖yk−

(
Uk + µkU

∗
k

)
hk‖2,

where µk = βT,k/α
∗
T,k .

6Estimation of FD IPD requires blind adaptive techniques [18] that
exploit signal statistical properties for parameter resolution. However, in
the presence of high IQI, it is difficult to separate FD IQI parameters from
the propagation channel. Thus, here we restrict IPD scheme to NFD IQI
mitigation.
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Fig. 6: Outage capacity of WLE for different user and
resource configurations: Outage probability Pout ≤ 10−2,
M = 32, SNR = 20 dB and interleaved assignment.

different configurations but fixed resources per user. With
increasing K, user achieves a higher capacity region because
it experiences greater user separation in frequency making
higher diversity achievable. On the other hand, reducing the
frequency resolution (fixed sampling rate) has adverse effect
on the capacity, since the channel coefficient correlation
ρkm,n increases when more subcarriers are packed in the
same bandwidth. As the frequency-selectivity of the channel
decreases, the outage events become common leading to a
lower throughput.

V. CONCLUSIONS

In this paper, we have analyzed the capacity of a MU
system affected by the IQI and the channel estimation
error. We derived the error covariance matrix for the CSI
required by the WLE receivers. Using the imperfect CSI
knowledge, the ergodic and outage capacity of a multi-user
network were stated in a closed form under some given
conditions. As the WLE receiver was able to compensate
for the interference due to IQI and the channel estimation
error diminishes with SNR, the ergodic capacity grows
unbounded asymptotically. For the outage performance, the
channel correlation was found to have detrimental impact
on WLE performance. Finally, we established the merits of
the WLE receivers using the subcarrier assignment schemes
adopted in 3GPP LTE standard as well as their IUI-free
counterparts.

APPENDIX A
LOWER BOUND ON MUTUAL INFORMATION

When LMMSE channel estimation is used, the model
(8) can be written as

yk;k′ = Ĥk;k′xk;k′ + Ek;k′xk;k′ +wk;k′ (41)

where the second and third terms constitute the effective
noise contribution and the entries of Ĥk;k′ and Ek;k′ are



independent. Following similar steps as in [19] and with
optimal linear equalizers in (7), we have

I(y;x|Ĥ) ≥ 1

2
log2 det

∣∣∣I + ĤH
(
Rw + EQEH

)−1
ĤQ

∣∣∣
(a)
≈

K/2∑
k=1

log2 det
∣∣∣I + ĤH

k;k′

×
(
Rwk;k′ + Ek;k′Qk;k′E

H
k;k′

)−1

Ĥk;k′Qk;k′

∣∣∣
(b)
≈

K/2∑
k=1

log2 det
∣∣∣I +

(
σ2
n + σ2

ePD
)−1

Σ̃k;k′Q̃k;k′

∣∣∣.
In step (a), the inter-user noise correlation due to RX IQI
is ignored and it is assumed that the last K/2 users lie in
the image band of the first K/2 users. Step (b) results by
diagonalizing the noise covariance matrices, and assuming
further that

E
{
Ek;k′xk;k′x

H
k;k′E

H
k;k′
}
≈ σ2

e(PD/M)I (42)

which holds considering (14) and in high SNR, when
all resources are active P(i)

k,m 6= 0,∀ k,m, i. The dual-
channel matrix can be decomposed using singular-value
decomposition as

Ĥk;k′ = Uk;k′Dk;k′V
H
k;k′ (43)

yielding Σ̃k;k′ = DH
k;k′Dk;k′ and Q̃k;k′ =

VH
k;k′Qk;k′Vk;k′ . The fact that Uk;k′ and Vk;k′ are

unitary matrices leads to (18).
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