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Abstract
From an implementation as well as theoretical point of view it is a fundamental property of the symbol-by-symbol MAP
decoding algorithm, that the dependence of the decoder output on the decoder inputs decays with distance in the code trellis.
By using results from the theory of products of random matrices we present a general prove of this property and show that
the rate of decay is exponentially with distance along the trellis.
Furthermore, we examine how the rate of decay depends on the channel parameter and the a priori information, and how it
evolves during the iterative decoding process. Finally, we comment on possible practical implications.

1 Introduction
A fundamental property of the Viterbi decoding algorithm
[1], which performs recursive maximum likelihood sequence
estimation, and the symbol-by-symbol maximum a pos-
teriori (MAP) decoding algorithm [2] is, that they are
essentially local operations in the convolutional code trellis.
I.e. the dependence of the decoder outputs on the decoder
inputs decays with distance along the trellis. This has been
recognized very early and was first exploited for practical
implementations.

It was already proposed by A. J. Viterbi [3] to limit
the decoding depth by truncating the survivor paths of the
Viterbi algorithm in order to reduce the decoding delay and
the memory requirements with negligible loss in decoding
performance. Again, by exploiting this property of locality
G. Fettweis showed later on how to parallelize the Viterbi
algorithm by introducing a windowed decoding scheme
in order to obtain high throughput-rate decoders [4]. The
work has been extended to parallel architectures for MAP
decoders [5],[6], which rapidly gained interest after the
invention of turbo codes [7] in 1993.

By analyzing the matrix-vector representation of the
Viterbi algorithm in a semiring algebra G. Fettweis was
also the first one who realized that the locality of the
Viterbi decoding algorithm is characterized by the rapid
convergence of the product of certain random transition
matrices towards a rank-one matrix [4], [8]. Afterwards,
this property of the transition matrices was pointed out by
H. Dawid [9] for the symbol-by-symbol MAP decoding
algorithm, also, but a mathematical proof was still missing.

However, the property of locality of the MAP decoding
algorithm is not only important for practical implemen-
tations as mentioned above, but it is essential from a
theoretical point of view, also.

Very recently, a general theory for the analysis of iterative
decoding of low-density parity-check (LDPC) codes has
been established [10]. The iterative decoding procedure
can be described as passing messages along edges in a
bipartite graph. Asymptotically, as the block length tends to
infinity, these messages can be assumed to be i.i.d. in each
iteration and the decoding performance concentrates around
the ensemble of all graphs with the nodes specified by
some degree distribution pair. The evolution of the densities,
which correspond to the messages and which are iteratively
updated during the decoding process, can be determined.
This is referred to as density evolution [10] and enables to
prove the threshold behavior of LDPC codes. The crutial
property, that supports the asymptotic i.i.d. assumption of
the messages and the concentration property, is the local
connectivity of the bipartite graph.

The analytical framework of density evolution can be
applied to the analysis of iterative turbo decoding, also.
However, an additional technical difficulty has to be over-
come. Like LDPC codes turbo codes can be represented
by a bipartite graph [11] and the ensemble of graphs
comprises the set of all interleavers. The main building
blocks of the turbo decoding algorithm are the constituent
MAP decoders, and the extrinsic a posteriori probabilities
denote the messages that are passed along the edges in
the graph. But unlike for LDPC codes this graph is not
locally connected in the strict sense. Via the code trellis the
extrinsic a posteriori probabilities depend on all the input
values. This problem can be circumvented by restricting to
windowed MAP decoding as mentioned above and hence
forcing the corresponding graph to be locally connected.
Now, the concentration property and the i.i.d. assumption
can be proved and the concept of density evolution can be
applied [12]. The missing link to standard non windowed
turbo decoding was found in [12] by proving that the
dependency of the MAP decoder outputs on the decoder
inputs decays with distance in the trellis1. This implies that
non windowed decoding can be approximated by windowed
decoding arbitrary well by increasing the window size.
Finally, considering the limit of an infinite window size
the concept of density evolution can be applied to non
windowed turbo decoding and the threshold behavior of
turbo codes can be proved [12].

In this work we show that the key to prove the locality
of the MAP decoding algorithm is to prove that the product
of the random transition matrices converges towards a rank
one matrix. Indeed, by using some results of the theory of
products of random matrices we show that this convergence
is exponentially fast and depends on the channel parameter
and the constituent convolutional code parameters. We
also investigate how the convergence speed evolves in an
iterative tubo decoding environment. Finally, we comment
on possible practical implications.

2 Maximum A Posteriori Decoding
A symbol-by-symbol maximum a posteriori decoder maxi-
mizes the a posteriori probability of the transmitted symbol
of interest. Assuming binary information bits ak ∈ {0, 1},
which are encoded and transmitted over a binary-input
memoryless channel, the decoder decides for the k-th in-
formation bit

âk = arg max
a∈{0,1}

p(ak = a|x), (1)

1To our knowledge the proof in [12] has not been published so that we
cannot compare our approach.
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where x denotes the decoder input sequence.
Since the most important convolutional encoders in the

context of iterative decoding are systematic recursive en-
coders, we restrict the consideration here to general rate-1/2
systematic recursive convolutional encoders for notational
convenience. See Figure 1 for an illustration. Note, that
all the considerations immediately extend to non-recursive
encoders, also.

Fig. 1. Systematic recursive rate-1/2 convolutional encoder with memory
V and forward and backward polynomials gf = [gf,0, . . . , gf,V ]T and
gb = [1, gb,1, . . . , gb,V ]T , respectively. The operators ⊕ and ⊗ denote
addition and multiplication in GF(2).

Now, by assuming equally probable information bits ak

and a binary-input memoryless channel, the a posteriori
probability in (1) can be computed recursively [2]. A
common expression in matrix-vector notation is given by

p(ak = a|x) =
βT

k+1Λ
(a)
k αk

βT
k+1Λkαk

, (2)

where αk, βk+1, Λk = Λ
(0)
k + Λ

(1)
k and are the so-called

forward path metric vector, backward path metric vector
and state transition matrix, respectively. The quantity Λ

(a)
k

denotes the punctured transition matrix.
The transition matrices and path metric vectors comprise

the individual path metrics and transition metrics in the code
trellis as it is visualized in Figure 2.

Fig. 2. Path and branch metrics in a trellis section at time index k.

To be specific, if the convolutional encoder from Figure
1 has a memory length of V the encoder can take on 2V

different states. The punctured state transition matrix Λ
(a)
k

in (2) is a (2V × 2V )-matrix with the individual elements
Λ

(a)
k (ν, ν′) denoting the branch metrics corresponding to a

valid transition from encoder state sk = ν′ to encoder state
sk+1 = ν if ak = a is transmitted.

The received signal at time index k denotes a tuple
xk = (xs,k, xc,k, xa,k) which corresponds to the transmitted
systematic bit ak, the parity bit ck (see Figure 1) and some a
priori information on ak according to the output of the pre-
ceding constituent decoder in an iterative decoding context.
Since the xs,k, xc,k and xa,k are received via independent
memoryless channels the elements of the punctured branch

matrix can be expressed as follows

Λ
(a)
k (ν, ν′) =p(ak = a|xs,k, sk+1 = ν, sk =ν′)

×p(ck = c|xc,k, sk+1 =ν, sk =ν′)

×p(ak = a|xa,k, sk+1 =ν, sk =ν′).

(3)

For an invalid transition from state sk = ν′ to state sk+1 =
ν the branch metric is set to zero.

The path metric vectors are determined via some forward
and backward recursion

αk = Λk−1αk−1

βT
k+1 = βT

k+2Λk+1.
(4)

Assuming that the information sequence has length N
the forward and backward path metric vectors have to be
initialized by setting some α0 and βN+1 according to the
initial state of the encoder and some encoder termination,
respectively.

2.1 The M -step concept
We define an M -step transition in the trellis as the product
of M consecutive transition matrices

MΛk = Λk+M−1 · · ·Λk+1 · Λk. (5)

Then, the recursive expressions for the path metrics in (4)
can be written in terms of M -step transitions in the trellis

αk = MΛk−Mαk−M

βT
k+1 = βT

k+M+1MΛk+1.
(6)

Also the a posteriori probability in (2) can be rewritten in
terms of M -step transitions

p(ak =a|x)=
βT

k+M+1MΛk+1Λ
(a)
k MΛk−Mαk−M

βT
k+M+1MΛk+1ΛkMΛk−Mαk−M

. (7)

As mentioned in the introduction, locality denotes the prop-
erty that the decoder output does depend on a finite range
of input values only. If we consider a finite range of input
values from time index k − M ′ up to k + M ′ then there
should be some M ′ such that p(ak = a|x) is independent
on αk−M and βk+M+1 for M > M ′. A sufficient condition
for this is that the M -step transition matrices MΛk+1 and
MΛk−M are rank-one matrices, which can be shown as
follows.

We assume for the moment that MΛk−M and MΛk+1
are rank-one matrices for M > M ′. Accounting for the
equations in (6), and noting that every rank-one matrix can
be written as the dyadic product of two vectors, we can
write up to some scaling factor

MΛk−M = αkyT
M

MΛk+1 = xMβT
k+1

(8)

where xM and yM are some random vectors. Now, using
(8) in (7) and noting that the expression in (7) is invariant
to scaling the nominator and the denominator with the same
scalar factor we get

p(ak = a|x) =
βT

k+1Λ
(a)
k αk

βT
k+1Λkαk

, (9)

which is obviously independent of αk−M , βk+M+1 and M .
I.e. for M > M ′ arbitrary path metric vectors αk−M and
βk+M+1 can be chosen to initialize the recursion.

After summarizing some results of the theory of products
of random matrices in the next section we will show in
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Section 4 that the M -step transition matrix converges
asymptotically towards a rank one matrix exponentially
fast in M . It is exactly this property, which is exploited in
practical applications when using windowed decoding.

3 Theory of Products of Random Ma-
trices

The study of the mathematical properties of products of
random matrices is a quite new field in probability theory,
which started at the beginning of the 60’s, and today
some quite general results are known. Already in 1960 it
was implicitly shown by Furstenberg [13] that the limit
distribution of the product of positive2 i.i.d. random matrices
is concentrated on the space of positive matrices of rank
one. For a self-contained proof see [14]. In the following
we summarize a more detailed result, which in addition
addresses the speed of convergence.

Let {X1,X2, . . . ,XM} be a sequence of independent
identically distributed random matrices with Xm ∈ R

d×d,
m = 1, . . . ,M and let

Y M = X1X2 · · ·XM (10)

be the product of M such matrices. Note, that the Xm

generate a noncommutative semigroup SX = {Y M ,M ≥
1} with respect to matrix multiplication. In [15] it is shown
that under a general regularity condition asymptotic growth
rates of certain linear subspaces exist with probability one:

THEOREM 1: If E{log+ ‖X1‖} < ∞ then the limit

γi = lim
M→∞

1
M

log λi (11)

exists with probability one for i = 1, . . . , d. The λ1 ≥ λ2 ≥
. . . ≥ λd are the square roots of the eigenvalues of Y MY T

M
and the γd are called LYAPUNOV EXPONENTS.

The function log+ is defined such that log+ x = 0 if
x ≤ 1 and log+ x = log x otherwise. As we will see
in the following, the speed of convergence of the product
of random matrices towards a rank-one matrix is mainly
determined by the first and second Lyapunov exponent. The
following definitions [15] are needed:

DEFINITION 1: The entire set A of random matri-
ces under consideration is said to be CONTRACTING if
there exists a sequence {AM ,M ≥ 1} in A for which
AM/‖AM‖converges to a rank-one matrix.

Contraction assures that there is at least one possible
sequence of matrices which converges towards a rank one
matrix.

DEFINITION 2: The entire set A of random matrices
under consideration is said to be STRONGLY IRREDUCIBLE
if there is no finite family of linear subspaces of Rd,
J1, J2, . . . , JN with

Jn = {x : xν = 0 for ν ∈ In} ⊂ R
d (12)

for ∅ 6= In ⊂ {1, . . . , d} and n = 1, . . . , N , such that

X(J1 ∪ J2 · · · ∪ JN ) = J1 ∪ J2 ∪ · · · ∪ JN (13)

for any matrix X in A.
Strong irreducibility assures that there is no family of

degenerate subspaces that is invariant under all matrices.
For example the matrix A =

[
1 1
0 1

]
is reducible, since

the subspace spanned by e1 = (1, 0)T is invariant under A,
which prevents AM from becoming positive for M > 1.

2A matrix is said to be positive (nonnegative) if all its elements are
positive (nonnegative).

Based on the previous definitions the following theo-
rem [15] states that the first two Lyapunov exponents are
unequal, which is crucial in order to bound the speed of
convergence.

THEOREM 2: If the semigroup SX generated by the set
of of i.i.d. random matrices {Xm,m ≥ 1} is contracting
and strongly irreducible, then γ1 > γ2.

Having this result the following theorem [15] about the
speed of convergence of the product of random matrices can
be stated.

THEOREM 3: If the semigroup SX generated by the set
of of i.i.d. random matrices {Xm,m ≥ 1} is contracting
and strongly irreducible, then for any z 6= 0 ∈ R

d the
product Y Mz with Y M from (10) converges in direction
to a random vector α asymptotically for large M . To be
specific, there is an M ′ such that for M > M ′ the speed
of convergence can be bounded as follows

∥∥∥∥
Y Mz

‖Y Mz‖
−

α

‖α‖

∥∥∥∥ ≤ Ce−(γ1−γ2)M+o(M), (14)

where γ1 and γ2 are the first two Lyapunov exponents and
C is some constant.

4 Application to Iterative Decoding
Now, with the results from the previous section we are ready
to analytically justify the property of locality for the MAP
decoding algorithm in an iterative decoding context. The
main idea is to show, that for some M the M -step transition
matrices in (5) satisfy the regularity conditions in Definition
1 and 2 and hence Theorem 3 can be applied.

Let the set of transition matrices within the MAP decod-
ing algorithm be defined as follows:

DEFINITION 3: Suppose a general binary systematic
convolutional code with memory depth V according to
Figure 1 is transmitted over a binary input memoryless
symmetric channel (BIMSC). Then, LM denotes the set of
all M -step transition matrices MΛk as defined in (5).

The following Lemma states an elementary property of
the M -step transition matrices.

LEMMA 1: If the symbols are not transmitted with
infinite reliability over the channel, i.e. p(a|x) ∈ ]0, 1[
with probability one, then the M -step transition matrices
MΛk ∈ LM are nonnegative for M < V and positive for
M ≥ V , i.e.

MΛk ≥ 0 for 1 ≤ M < V
MΛk > 0 for V ≤ M . (15)

Proof: According to the definition of the branch
metrics in (3) we have Λk ≥ 0 and consequently MΛk ≥ 0
for all M ≥ 1, since the product of nonnegative matrices is
nonnegative.

For the second inequality in (15) let us first assume that
we have p(ak|xa,k) ∈ ]0, 1[ for the a posteriori probability
that corresponds to the a priori information in (3). By
assumption, the same holds for the channel a posteriori
probabilities. Therefore, the branch metrics corresponding to
valid state transitions are positive. Thus, the second equality
in (15) basically states that there is a valid transition in the
trellis from state ν to ν ′ for all ν, ν′ ∈ {1, . . . , 2V } in
V steps. This is equivalent to showing that the state of
the encoder in Figure 1 can be changed from any state
ν = 1, . . . , 2V to an arbitrary state ν ′ = 1, . . . , 2V within
V steps. This can be accomplished if we set z0 (see Fig.
1) to any desired value zdes by choosing the input a =
zdes ⊕

⊕V
i=1(gb,i ⊗ zi) in each step. The operators ⊕ and ⊗

denote addition and multiplication in GF(2).
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If every V -step transition matrix is positive, then the
path metric vectors αk and βk+1 in (2) are also positive
and consequently we have p(ak = a|x) ∈ ]0, 1[ for the a
posteriori probability in (1). This results in the fact, that also
the extrinsic a posteriori probability that corresponds to the a
priori information for the next decoding iteration is bounded
to the open interval ]0, 1[. Note, that at the first decoding step
no a priori information is available in an iterative decoding
scheme, i.e. we have p(ak|xa,k) = 0.5 for all k. Hence, it
can be concluded by induction, that p(ak|xa,k) ∈ ]0, 1[ at
every iteration step, which completes the proof.

Remark: In order to ensure positivity of the V -step
transition matrices the assumption p(a|x) ∈ ]0, 1[ is used.
However, this is satisfied by a huge class of channels, like
e.g. the AWGN channel. Only those channels are excluded
from the consideration, where with a certain probability
larger than zero the symbols are transmitted with infinite
reliability over the channel. An example of such a channel
is the binary erasure channel (BEC), where with probability
1−ε the transmission is absolutely reliable. See Section 4.3
for a separate treatment of the BEC channel.

The positivity of the V -step transition matrices yields the
regularity conditions to be satisfied:

LEMMA 2: The semigroup SΛ generated by the set of
V -step transition matrices LV is strongly irreducible and
contracting.

Proof: Irreducibility follows from the fact that each
matrix in LV , and hence also each matrix in SΛ is positive
due to Lemma 1 and each positive matrix is itself strongly
irreducible.

Due to a theorem of Perron (cf. [16]) the power of a
positive matrix converges towards a rank-one matrix. Hence,
each matrix in LV is itself contracting and an example for
a contracting sequence in SΛ is e.g. AM = (VΛk)

M .
The following lemma comments on the distribution of the
transition matrices.

LEMMA 3: The transition matrices Λk are mutually in-
dependent identical distributed random matrices if and only
if the encoder output (ak, ck) is constant, i.e. independent
of the time index k.

Proof: If the encoder output is constant, the received
signals are i.i.d. due to the memoryless channel assumption.
On the other hand, if the output of the encoder is not con-
stant, there is a random sequence of bit-tuples (ak, ck). Due
to the structure of the encoder these bit-tuples are mutually
dependent with respect to the time index. Hence, also the
received signals (xs,k, xc,k, xa,k) are mutually dependent
with respect to the time index. Conditioned on the encoder
output, though, the received signals are independent, but not
identically distributed.

The i.i.d. property for the received samples is equivalent
to the i.i.d. property of the punctured transition metrics in
(3) and hence, also to the i.i.d. property of the transition
matrices Λk.

Remark: If we consider the case that the all-zero sequence
is transmitted and the encoder is in the zero-state (all
memory elements contain a zero) initially, the output is
always zero and hence constant. If not stated otherwise,
this case is considered from now on. Note that also in
case a random information sequence is transmitted, the
i.i.d. assumption of the transmission matrices is a good
approximation.

Finally the following theorem can be stated.
THEOREM 4: Theorem 3 holds for the transition matri-

ces Λk ∈ L1 corresponding to a maximum a posteriori
decoder in an iterative decoding context.

Proof: By setting M = M̃V to be an integer multiple

of V , an M -step transition matrix can be written as the
product of positive i.i.d. V -step transition matrices

MΛk = VΛ(M̃−1)V +k
· · · VΛk. (16)

Thus, we have MΛk ∈ SΛ. Due to Lemma 2 and 3 all
the conditions of Theorem 3 are fulfilled and the proof is
complete.

Hence, according to Theorem 4 the forward and backward
recursion of the MAP decoding algorithm can be initialized
arbitrarily with some vector z 6= 0, such that the path metric
vectors converge towards the exact path metric vectors, i.e.

MΛk−Mz

‖MΛk−Mz‖
M→∞
−→

αk

‖αk‖

zT
MΛk+1

‖zT
MΛk+1‖

M→∞
−→

βT
k+1

‖βk+1‖
.

(17)

The convergence is exponentially fast with M and deter-
mined by the upper two Lyapunov exponents associated
with L1. This implies that also the a posteriori proba-
bilities p(ak = a|x) converge towards the exact values
exponentially fast in M and can be approximated arbitrary
accurately by choosing M appropriately.

Obviously, the speed of convergence in terms of the
Lyapunov exponents depends on the statistics of the tran-
sition matrices Λk, which in turn are characterized by the
convolutional code structure, the channel parameter and the
quality of a priori information.

Before we present some numerical results demonstrating
how the different parameters mentioned above affect the rate
of convergence, we have a closer look on the case of perfect
a priori information.

4.1 Perfect a priori knowledge
In the general case it seems to be impossible to calculate
the two largest Lyapunov exponents analytically. However,
for the case of perfect a priori information we have p(ak =
a|xa,k) ∈ {0, 1} and the structure of the transition matrices
simplifies such that an exact analytical computation is
possible.

Let us define a channel L-value

L = log
p(a = 0|x)

p(a = 1|x)
, (18)

Furthermore let us define

wmin(q) = min
{i:i≥2}

w(i, q), (19)

where w(i, q) denotes the weight of the encoder output
sequence corresponding to an all-zero input sequence of
length q with i being the initial state of the encoder. Then,
we have the following lemma:

LEMMA 4: Assuming that the all-zero sequence has
been transmitted and that perfect a priori information is
available, i.e. p(ak = 0|xa,k) = 1 for all k, the following
results can be stated for the class of convolutional encoders
in Figure 1 with gb,V = 1

(a) There is some finite integer number q ≤ 2V !, such
that qΛk is diagonal.

(b) The difference of the two largest Lyapunov exponents
is given by

γ1 − γ2 =
wmin(q)

q
· E{L}, (20)

where E{·} denotes the expectation operator.
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Proof: With p(ak = 0|xa,k) = 1 we have Λk =

Λ
(0)
k . Let P = I(Λ

(0)
k ) denote the (2V × 2V ) indicator

matrix of Λ
(0)
k having ones at the positions of the non-

zero elements of Λ
(0)
k and zeros elsewhere. The condition

gb,V = 1 ensures that at every node corresponding to the
trellis of the systematic recursive encoder only one single
branch corresponding to a zero transmission arrives. Hence,
P is a permutation matrix, since it has a single ’one’ in
every row and every column.

Multiplying a permutation matrix with a permutation
matrix results in a permutation matrix. Thus, P n with some
positive integer number n is a permutation matrix. Since
there is only a finite number of 2V ! different (2V × 2V )
permutation matrices there must be some positive integers
n2 6= n1 with n2, n1 ≤ 2V ! + 1, such that P n1 = P n2 .
Assuming without loss of generality that n2 > n1 and
exploiting the fact that every permutation matrix is invertible
we have I = P n2−n1 . Hence, there is a finite positive
integer q = n2 − n1 ≤ 2V ! such that qΛk is diagonal,
which proves part (a) of the lemma.

By choosing M = qM̃ it is MΛk = qΛk+q(M̃−1)
· · · qΛk

a diagonal matrix. Let the diagonal elements of qΛk be
denoted by λk,i. Since the

∏M̃−1
m=0 λk+qm,i are the square

roots of the eigenvalues of MΛ
T
k MΛk the maximum

Lyapunov exponent is given by

γ1 = lim
M→∞

1

M
log max

i

M̃−1∏

m=0

λk+qm,i (21)

= max
i

1

q
E {log λk,i} . (22)

For the last equality it has been used that the λk,i are i.i.d.
with respect to k.

The path in the trellis that maximizes the expected
logarithmic path metrics in (22) is the one corresponding
to the all-zero sequence. Hence we have i = 1 in (22) for
the maximum Lyapunov exponent. Then, the difference of
the two upper Lyapunov exponents is given by

γ1 − γ2 =
1

q
min

{i:i≥2}
E

{
log

λk,1

λk,i

}
. (23)

Since the λk,i in (23) are products of channel a posteriori
probabilities, it can be easily seen that log

λk,1

λk,i
in (23) can

be written as the sum of w(i, q) i.i.d. channel L-values as
defined in (18). Thus, we have

γ1 − γ2 =
1

q
min

{i:i≥2}
w(i, q)E {L} , (24)

which immediately yields (20).
Remark: The expected value of the channel L-value is

characterized by the respective channel parameter. As an
example, in case the AWGN channel is considered, we have
E{L} = 2/σ2, where σ2 is the additive noise variance.

Note, that Lemma 4 can be easily extended to the case
of systematic recursive convolutional codes with gb,V =
0. In that case always two branches corresponding to a
transmitted zero merge at a node.

4.2 Numerical examples
For the following results an AWGN channel and a con-
volutional code as in Figure 1 with forward polynomial
gf = [101]T and backward polynomial gb = [111]T in

a parallel concatenated turbo coding scheme are considered
as an example.

In Figure 3 the mean logarithmic squared error
log

∥∥∥ MΛk−M z

‖MΛk−M z‖ − αk

‖αk‖

∥∥∥ of the path metric vector com-
pared to the exact path metric vector is considered in case
that the M -step transition in (17) is initialized with the
all-one vector, i.e. z = 1. Obviously, the error decays
exponentially in M . According to the theoretical bound
in (14), the slope of the dashed lines corresponds to the
difference of the upper two Lyapunov exponents, which are
simulated using the numerical algorithm in [17]. The slopes
of the curves match very well for large M , which validates
the statement of Theorem 3. It can be observed, that in case
perfect a priori knowledge is available (red curve) at the
decoder, the convergence is much faster as in the case of
no a priori knowledge (blue curve).
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Fig. 3. Mean logarithmic squared error of path metric vectors, (5,7)-Code,
AWGN channel, Eb/N0 = 0.5dB.

In Figure 4, the exponential convergence factor γ1−γ2 is
plotted versus the channel quality in terms of bit-energy-to-
noise ratio (Eb/N0). Two extreme cases are considered. The
blue curve corresponds to the absence of any a priori infor-
mation and for the red curve perfect a priori information
is assumed. Obviously, in case of no a priori information
the convergence rate increases for low as well as for high
Eb/N0 and exhibits a minimum in between.

This can be intuitively explained by the fact, that in
the limit of low Eb/N0 all the branch metrics in (3)
approach the same value and hence all elements of the
V -step transition matrix approach the same constant, i.e.
a rank-one matrix. In contrast, for very high Eb/N0, all
branch metrics not corresponding to the all-zero codeword
(ak = 0, ck = 0) are negligible. Hence, there are some very
few dominant elements in the 1-step matrix Λk and after
some steps the transition matrix degrades very rapidly to a
matrix with a single non-zero element.

For the other extreme case of perfect a priori knowledge
the curve does not exhibit an extreme point. For high Eb/N0
the rate of convergence increases, which can be explained
analogously as mentioned above. In the limit of low Eb/N0
the values of all non-zero branch metrics approach the same
constant. But since the indicator matrix of the transition
matrix is a permutation matrix, the product of transition
matrices will never converge to a rank-one matrix. This
effect is in accordance with the theoretical result in (20).
If Eb/N0 approaches zero, also the difference of the two
largest Lyapunov exponents in (20) approaches zero, since
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E{L} → 0. It can be noted, that the analytical results
(black dashed curve) very accurately match to the simulation
results over the whole range of Eb/N0.

Finally, the convergence rate of the MAP decoder is
simulated in an iterative decoding environment (turbo code
rate = 1/3) performing 24 iterations with a block length of
N = 100.000 (green curve). The rate of the convergence
of the MAP decoder reflects also the status of the iterative
decoding scheme. The curve exhibits a distinct step exactly
at the position corresponding to the turbo cliff of the
corresponding BER curve. Obviously, for Eb/N0 values
beyond the turbo cliff, the convergence rate can be tightly
upper bounded by assuming perfect a priori information.
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Fig. 4. Rate of convergence, (5,7)-Code, AWGN channel.

In practical applications with medium to large block-
lengths some form of forward- and/or backward-acquisition
of the path metric vectors is employed (cf. [18]) in order
to reduce the memory requirements or to increase the
degree of parallelism. As can be seen in Figure 4, for a
receiver operating beyond the turbo cliff the exponential
convergence factor increases with increasing number of
turbo iterations, i.e. for a fixed acquisition depth the error
of the acquired path metric vector decreases. Hence, the
overhead in complexity and processing power introduced
by path metric acquisition could be minimized by properly
adapting the acquisition depth.

4.3 The binary erasure channel
For the binary erasure channel, which is characterized by
a certain erasure probability ε, the regularity condition in
Definition (1) and (2) cannot be justified to hold by showing
that the M -step transition matrices are positive for some
M > M ′. This is, because with probability 1− ε there is at
least one zero column and zero row in Λk.

However, the probability that the M -step transition matrix
has not rank-one can be easily upper bounded and shown
to decay exponentially with M .

COROLLARY 1: If a convolutional code as in Figure 1
is transmitted over the BEC with erasure probability ε, then
we have

Pr {rank{MΛk} > 1} ≤ Ce−γM , (25)

where γ = log(1 − ε2V )−
1

V > 0 and C = 1 − ε2V .
The proof is omitted here due to lack of space. The main
idea is to show that there is a certain probability of an
erasure for the systematic bit as well as the parity bit with
probability ε2. In that case the non-zero elements of Λk are

identical and it can be shown that with probability ε2V the
V -step transition matrix is positive with identical elements
and has rank one.

5 Conclusions
By using results from the theory of products of random ma-
trices we have provided a mathematical proof for a key prop-
erty of the symbol-by-symbol MAP decoding algorithm,
which implicates that the algorithm is an asymptotically
local operation within the code trellis. This property mani-
fests in the fact that the product of state transition matrices
associated with the MAP decoding algorithm converges
towards a rank-one matrix exponentially fast. The analysis
has been carried out for the general case of binary input
symmetric memoryless channels. For the special case of
perfect a priori information, we gave an analytic expression
for the exponential convergence factor.

In a turbo decoding environment the exponential
convergence factor depends on the quality of a priori
knowledge. In practical implementations, which employ
some form of path metric acquisition, this dependence
may be exploited to reduce the overhead in complexity
and processing power by properly adapting the acquisition
depth.
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